Abstract. The Kawazumi-Zhang invariant ϕ for compact genus-two Riemann surfaces was recently shown to be a eigenmode of the Laplacian on the Siegel upper half-plane, away from the separating node. Using the known behavior of ϕ in the non-separating degeneration limit, and subject to a suitable vanishing theorem, I show that ϕ can be obtained by a Borcherds'-type Theta lift from a specific weak Jacobi form of weight −2. This provides the complete Fourier-Jacobi expansion of ϕ near the non-separating node, gives full control on the asymptotics of ϕ in the various degeneration limits, and reveals a mock-type holomorphic Siegel modular form underlying ϕ. Using the relation between the Faltings invariant, the Kawazumi-Zhang invariant and the Igusa cusp form, a Theta lift representation for Faltings' invariant in genus two readily follows.
Introduction
The Kawazumi-Zhang invariant, introduced in [1, 2] , is a real-valued function ϕ h on the moduli space M h of compact Riemann surfaces of genus h ≥ 1. One way of defining it is through the spectrum of the Laplacian ∆ with respect to the Arakelov metric on the surface Σ, (1) ϕ(Σ) = where (ω 1 , . . . , ω h ) is an orthonormal basis of holomorphic differentials on Σ and φ ℓ runs over all eigenmodes of ∆ with eigenvalue λ ℓ > 0. For genus 2 and 3, ϕ is a function of the period matrix Ω, and defines a real-analytic modular form of weight zero on the Siegel upper half-plane of degree h. The Kawazumi-Zhang invariant is closely related to Falting's invariant [3] , and plays an important role in arithmetic geometry. Its asymptotic behavior near the boundaries of the moduli space M h was investigated in [4, 5] . While Faltings' invariant arose in studies of bosonisation in conformal field theory [6] , the genus-two Kawazumi-Zhang invariant entered the physics literature in a recent analysis of the low energy expansion of the two-loop four-graviton amplitude in superstring theory [7] : the leading D is proportional to the integral of ϕ times the same Weil-Petersson volume form. With hindsight from various physics conjectures, it was shown in [8] that ϕ is an eigenmode of the Laplacian ∆ Sp(4) on the Siegel upper half-plane, up to a source term supported on the separating node,
∆ Sp(4) − 5 ϕ = −2π det( Im Ω) δ (2) 
where v is the off-diagonal element in the period matrix
This partial differential equation provides strong constraints on the asymptotic behavior at the boundaries of M 2 .
In the maximal degeneration limit, where all entries in the imaginary part of the period matrix Ω = Ω 1 + iΩ 2 are scaled to infinity, it was shown in [9, 8] that
where 0 < L 3 ≤ L 1 ≤ L 2 parametrize the imaginary part of Ω, assumed to lie in the standard fundamental domain of the action of GL(2, Z),
The leading term in (4) is an exact solution of (2) with no source term, which was one of the first hints for the validity of the differential equation (2). In the minimal degeneration limit σ → i∞, keeping the other entries of the period matrix fixed, one has instead [4, 5] 
where σ 2 = t + u 2 2 ρ 2 , v = ρu 2 − u 1 and θ 1 (ρ, v) is Jacobi's theta series. The first two terms in (6) satisfy (2) up to terms of order 1/t. At each order in the Laurent expansion around t = ∞, each term is expected to be a real-analytic function of ρ, u 1 , u 2 invariant under the Jacobi subgroup Γ J = SL(2, Z) ⋉ Z 2 ⋉ Z of the Siegel modular group Γ = Sp(4, Z) (i. e. a Jacobi form of weight zero and index zero).
Similarly, in the separating degeneration limit v → 0 keeping ρ, σ fixed,
where η is Dedekind's eta function. Eq. (7) is consistent with the differential equation (2) at the stated order. Our goal is to determine the complete asymptotics of the genus-two KawazumiZhang invariant in the degeneration limits (4) and (6) , and more generally, determine the complete Fourier expansion in (ρ 1 , v 1 , σ 1 ) and Fourier-Jacobi expansion in σ 1 . To this aim, we shall construct a real-analytic Siegel modular form ϕ ′ on M 2 that satisfies (2), (4) and (6) . Subject to a suitable vanishing theorem, ϕ ′ must therefore coincide with the Kawazumi-Zhang invariant. ϕ ′ is constructed via a Borcherds' type Theta lift (Eq. (34)) from the weight −2 weak Jacobi form θ 2 1 /η 6 , in parallel with Kawai's construction of the Igusa cusp form Ψ 10 (or rather, its logarithm) from the elliptic genus of K3 [10] . Using the relation between the Faltings invariant, the Kawazumi-Zhang invariant and Ψ 10 from [3] , a Theta lift representation for the Faltings invariant is readily obtained (Eq. (60)).
The Theta lift representation of ϕ has several interesting consequences. First, it gives complete control over the asymptotics in the various degeneration limits. The mathematical implications for the spectrum of the Arakelov Laplacian remain to be investigated, while the implications for the structure of D 6 R 4 couplings in string theory will be considered in [11] . Second, it reveals a 'holomorphic prepotential' F 1 (Ω) which generates ϕ through the action of an invariant second-order differential operator, Eq. (62). F 1 can be viewed as an analogue of Borcherds' product formula for the logarithm of Igusa cusp form, however it transforms anomalously under Sp(4, Z), giving an explicit example of a mock-type Siegel modular form. Third, it implies that ϕ is an eigenmode of an invariant quartic differential operator (66). It would be interesting to understand the generalization of (2) and (66) to higher genus.
Lastly, the same type of prepotential F 1 appears in the physics literature when computing one-loop corrections to the holomorphic prepotential in heterotic vacua with N = 2 supersymmetry [12, 13, 14] . This analogy suggests that the product of the moduli space of genus-two Riemann surfaces times the standard Poincaré upper half-plane (parametrized by an additional modular variable s) may carry some canonical special Kähler metric derived from a prepotential
, where F 1 is the holomorphic prepotential underlying the Kawazumi-Zhang invariant. It would be very interesting to find a string theory compactification whose moduli space carries this putative metric, and compute the O(e −s ) corrections using standard mirror symmetry techniques.
Refined degeneration formulae
In this section, we shall improve the accuracy of the asymptotic expansions (4), (6) and (7) by requiring consistency with the Laplace equation (2) and invariance under the Jacobi group Γ J . Although we do not prove here that ϕ satisfies these improved asymptotic expansions, the fact that these expansions are consistent with the Laplace equation (2) with an exponential accuracy is a strong hint that ϕ may be constructed via Borcherds' Theta lift.
Starting with the minimal non-separating degeneration, we claim that (6) can be strengthened to
where ϕ 0 is stated in (6) and ϕ 1 is a function of ρ, u 1 , u 2 to be determined. Indeed, using the Laplace operator in adapted coordinates,
where the omitted terms vanish on functions independent of σ, we see that the Laplace equation (2) is satisfied at order O(e −t ) provided ϕ 1 satisfies
Invariance of ϕ under Γ requires that ϕ 1 be, like ϕ 0 , a real-analytic Jacobi form of zero weight and zero index. On the other hand, the complete degeneration limit (4) requires that, in the limit
It is suggestive to rewrite these limits in terms of the Bernoulli polynomials
Solutions to (10) with these boundary conditions can be obtained as linear combinations
of the standard non-holomorphic Eisenstein series
and the Kronecker-Eisenstein series introduced in [15] (15)
where a, b are non-negative integers. 
where x = e 2πiv = e 2πi(u2ρ−u1) , q = e 2iπρ , B α (x) are the Bernoulli polynomials, and D a,b (x) are the Bloch-Wigner-Ramakrishnan single-valued polylogarithms,
It is easy to check that the differential equations (10) are obeyed, by checking the action on the seed of the Poincaré series (i.e. setting m = 0, n = 1). The first equality in (13) is the familiar second Kronecker limit formula. The second equality predicts an additional subleading term in (12),
The third term in (18) requires a subleading correction to the complete maximal degeneration limit (4),
The additional term is an exact solution of the Laplace equation (2), so the estimate could in principle hold with exponential accuracy.
The Kawazumi-Zhang invariant as a Theta lift
In this section, we construct a real-analytic Siegel modular form ϕ ′ that satisfies the differential equation (2) and asymptotic behaviors (4), (6) , (7) in the various degeneration limits -hence, subject to a suitable vanishing theorem, ϕ ′ must coincide with ϕ. The construction is a variant of Borcherds' theta lift and allows to extract the complete Fourier expansion of ϕ in a straightforward fashion.
3.1. The Igusa cusp form Ψ 10 as a Theta lift. Recall that the norm of the logarithm ln ||Ψ 10 || = ln[(det Ω 2 )
5 |Ψ 10 |] of the Igusa cusp form of weight 10 can be represented as a regularized one-loop modular integral [10] ln
where F is the standard fundamental domain of SL(2, Z),
Euler-Mascheroni constant, and Γ even|odd 3,2
are partition functions for even (shifted) lattices of signature (2,3),
is the partition function of the even self-dual lattice with signature (2, 2),
are modular forms of weight 1/2 under Γ 0 (4). Under general modular transformations of τ ,
Under O(3, 2, Z) = Sp(4, Z), the integers m 1 , m 2 , n 1 , n 2 , b/2 transform as an antisymmetric traceless representation,
proportional to the Pfaffian of this matrix. As a result, one can check that Sp(4, Z) transformations preserve the parity of b. Thus, both Γ (Ω; τ ) are Siegel modular functions in the variable Ω, and so is the result
where
12 is a cusp form of weight 6. Under general modular transformations,
so that the integrand of (20) is (except for the last term proportional to τ 2 ) invariant under the full modular group SL(2, Z). As explained in [16] , the pair (h 0 , h 1 ) is in one-to-one correspondence with a modular form
of weight − Indeed, as v → 0, the integrand becomes
which leads to a logarithmic divergence. Keeping v small but non zero, and retaining the contributions from m i = n i = 0, b = ±1, we have
Since the incomplete Gamma function Γ(0, x) behaves as − log(x)+ analytic as x → 0, we see that ln ||Ψ 10 || ∼ ln |v| 2 , consistent with the delta function source in (30).
Evaluating the modular integral by the standard unfolding method [14, 17] , one arrives at Borcherds' product formula
where (k, l, b) > 0 stands for
The Kawazumi-Zhang invariant as a Theta lift .
With hindsight from the asymptotic behaviors discussed in §2, we consider the modular integral
where (h 0 ,h 1 ) are weight −5/2 modular forms of Γ 0 (4), associated to the Jacobi formφ = θ 2 1 (τ, z)/η 6 (τ ) of weight −2 and index 1 in the same way as before:
The corresponding weight −5/2 modular form in Kohnen's plus space is
As in the previous case,h has a simple pole at the cusp at infinity, is regular at the other cusps τ = 0 and τ = 
πτ2 is the almost holomorphic Eisenstein series of weight 2. The constant term of D τh0 is −5/(2πτ 2 ), so the integral (34) is convergent, with no need for regularization. Using (29) and the fact that D τhi is an eigenmode of ∆ SL(2),−1/2 with eigenvalue 5/2, one easily checks that ϕ ′ is an eigenmode of ∆ Sp(4) with eigenvalue 5, away from the separating node v → 0. In this limit, the integrand becomes
leading to a logarithmic divergence. Keeping v small but non zero, retaining the contributions from m i = n i = 0, b = ±1 and using
. Thus, in the separating degeneration, we have
up to analytic terms as v → 0, in agreement with (7) . The logarithmic singularity implies that
in agreement with (2) . In the next two subsections we extract the asymptotics of ϕ ′ in the minimal and maximal non-separating degenerations, and show that they agree with the asymptotics of ϕ.
3.3.
Maximal non-separating degeneration. The maximal degeneration limit corresponds to the decompactification limit Γ 3,2 (Ω) → Γ 1,1 (r) × Γ 2,1 (R, Y ), where, in the Lagrangian representation,
In this limit, the O(3, 2, Z) = Sp(4, Z) symmetry is broken to O(2, 1, Z) = GL(2, Z). The leading term in this limit originates from the term (p, q) = (0, 0) in
To compute this integral, we apply the orbit method on Γ 2,1 . The zero orbit (m, n) = (0, 0) gives
since, as already noted in (38), the term in square bracket reduces to −1. The remaining orbits (m, 0) with m = 0 contribute (45) 
Using the identity Li
, valid for k integer, 0 < Re (x) < 1, and adding the zero orbit contribution (44), we arrive, in the region
Setting ρ 2 = r/R, u 2 = Y, t = rR, this reproduces the desired behavior (11) in the maximal separating degeneration limit ! The unbroken GL(2, Z) symmetry acts on the complex modulus τ = Y + iR by fractional linear transformations, extended by the anti-holomorphic involution τ → −τ . The subleading term in the maximal separating degeneration limit is obtained by restricting Γ 1,1 (r) to the orbits (p, 0) with p = 0, and unfolding on the strip:
Up to terms of order e −r , one can replace Γ 
consistently with (18).
Minimal non-separating degeneration.
In string theory parlance, the limit σ 2 → ∞ keeping other entries of Ω fixed corresponds to the limit where the two-torus decompactifies, keeping the complex structure ρ and Wilson lines v fixed. The Siegel modular group Γ is broken to the Jacobi subgroup Γ J . Following [14, 17] , the Fourier-Jacobi coefficients (i.e. the Fourier coefficients with respect to σ 1 ) can be extracted by applying the orbit method to the lattice partition function written in the Lagrangian representation,
and
The integer matrix A transforms linearly under SL(2, Z), and belongs to one of three different types of orbits. The orbit A = 0 produces, as in (44),
The degenerate orbits n 1 = n 2 = 0, (m 1 , m 2 ) = (0, 0) give instead
As in (46), the integral over τ 1 picks up the constant term in D τh0 (corresponding to b = 0) and the polar term in D τh1 (corresponding to b = ±1), leading to
Combining (53) and (55), we reproduce the desired behavior (8) in the minimal degeneration limit, with ϕ 0 and ϕ 1 given by (13) ! For the non-degenerate orbits with det A = 0, the integral can be unfolded on (a double cover of) the full upper half-plane, at the expense of restricting the sum to n 2 = 0, 0 ≤ m 1 < n 1 , n 2 = 0. Substituting the Fourier series ofh 0 andh 1 , one finds that the integral over τ 1 is Gaussian, while the integral over τ 2 is of Bessel type, with half-integer argument. Omitting details, we arrive at
where x = e 2πi(kσ+ℓρ+bv) , in the chamber where kσ 2 + ℓρ 2 + bv 2 > 0 for all stated values of (k, ℓ, b). The modular integral (34) is thus ϕ ′ = ϕ (0) +ϕ (1) +ϕ (2) , providing the complete asymptotic expansion in the minimal non-separating degeneration t → ∞, and the complete Fourier expansion in σ 1 , ρ 1 , v 1 . (4) . Second, the Siegel-Eisenstein series (57) s) and B is the Borel subgroup of Sp(4), satisfy the homogeneous equation on the circle s 1 (s 1 − 2) + s 2 (s 2 − 1) = 5 in the (s 1 , s 2 ) plane and are invariant under the Weyl group, generated by
Thus, they grow as t max(s1,2−s1,s2+ we obtain a similar Theta lift representation for δ,
where the additive constant is easily computable from (20) and (59).
3.6. Holomorphic prepotential. It is well-known that modular integrals of the form (20) , where h = h 0 (4τ )+ h 1 (4τ ) is an almost weakly holomorphic modular forms of depth n in Kohnen's plus space, can be expressed (up to a possible holomorphic anomaly) as the real part of 0≤r≤n −2r F r , where F r are holomorphic functions of Ω, known as 'generalized prepotentials', and w is the second order differential operator
which maps Siegel modular forms of weight w to modular forms of weight w + 2 [14, 18] . Under the action of the Jacobi group Γ J on ρ, v (and more generally, under the Siegel modular group Γ), F r transforms as an Eichler integral of weight −2r [19, 20] . For the logarithm of the Igusa cusp form, n = 0 and F 0 is the logarithm of Borcherds' product (33). For the modular integral (34), n = 1 and F 0 vanishes because the relevant h i is the modular derivative Dh i of a weakly holomorphic form [19, 20] . Thus, assuming that ϕ = ϕ ′ , we find that the Kawazumi-Zhang invariant can be expressed in terms of a holomorphic prepotential F 1 of modular weight −2 , For comparison, the Siegel-Eisenstein series (57) are eigenmodes of the same operator with eigenvalue s 2 (s 2 − 1)(4s 2 1 − 8s 1 + 3)/64π 4 . The eigenvalues of ϕ ′ and E ⋆ (s 1 , s 2 ) under the quadratic Casimir ∆ Sp(4) and quartic Casimir 0 0 agree for (s 1 , s 2 ) = (5/2, 5/2), up to the Weyl group action (58). Our claim ϕ ′ = ϕ implies that the Kawazumi-Zhang invariant satisfies the quartic differential equation (66). It would be desirable to establish this directly, e.g. by extending the argument in [8] .
